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Nuclear PCAC relation is studied in the framework of the effective theory of nuclear inter- 
action, in which the interaction of real pion production-absorption is expressed by many-body 
operators, and does not include the one-nucleon operator as was assumed in the conventional 
works, while the effective axial-vector current includes the one-nucleon current in contrast 
O |i to the former interaction. This problem is investigated under the simple linear <r-model. 

Results are as folows: 1) The theory describes consistently the PCAC relation and the 
pion production-absorption process. 2) The conventional interpretation of the effective pion 
source function as the interaction Hamiltonian of pion production-absorption does not hold. 
3) The effective pion source function still includes the one-nucleon operator for the pion 
production-absorption at threshold effectively, which may justify the conventional theory. 



■ §1. Introduction 

m 

It is important to understand how the axial-vector current is modified in nuclei. 
So far this modification has been described by introducing the meson-exchange cur- 
rent, i.e,. many-body operators or renormalization of the coupling constants in the 
current. (See the review article in Ref. (1).) The former is convenient to be handled 
in finite nuclei, while the latter, in the nuclear matter. As is well known, the axial- 
vector current does not conserve, and obeys the PCAC relation that divergence of 
the axial-vector current is proportional to the pion field. The matrix element of the 
PCAC relation between nuclear states can be connected with the matrix element 
of pion production-absorption in nuclei. The divergence of the one-nucleon axial- 
vector current is expressed by the p-wave pion-nucleon interaction. Therefore, it is 
^ . natural to assume that the two-nucleon axial-vector current is connected with the 

pion production-absorption by two-nucleons. This idea was at first adopted for the 
exchange current of Gamow- Teller type by Blin-Stoyle and TintP who assumed the 
p-wave pion production operator of the one-nucleon type and also of the two-nucleon 
type. Structure of the latter type is to be determined experimentally. Since then 
this idea has been accepted by many people. Among them Bernabeu et al. men- 
tioned 3 - a similarity between the muon capture reaction at large energy transfer and 
the pion production in nuclei at threshold both in kinematics and in dynamics, and 
investigated in detail the renormalization of the axial-vector current in nuclei. 

Recently Kobayashi et alP pointed out that the one-nucleon operator for pion 
production-absorption does not exist in the effective nuclear interaction Hamiltonian, 
when we introduce the one-pion-exchange potential into the nuclear effective Hamil- 
tonian. They proposed the theory of the effective interactions of pions and nucleons 
in nuclei by adopting the unitary transformation which enables us to describe the 
nuclear system with the energy above the pion production threshold. Similar work 
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was done by Shebeko and Shirokov.- 1 It has been argued that the PCAC relation 
gives a consistency relation among nuclear potential, axial-vector current and pion 
production operator,^ and that the one-nucleon axial-vector current is connected 
with the interaction between a pion and a nucleon. One may say that absence of 
the one-nucleon operator for pion production-absorption contradicts with the PCAC 
relation. 

The purpose of the present paper is to show that absence of the one-body op- 
erator does not contradict with the PCAC relation. We shall investigate the PCAC 
relations in nuclei in connection with the pion production-absorption process in two- 
body system within the effective theory by the unitary transformation. To make our 
discussion clear, we shall adopt the linear cr-modeP which satisfies the PCAC rela- 
tion, and investigate the effective nuclear interactions within the one-boson-exchange 
approximation, although the conclusion does not depend upon details of the model. 

In §2, we shall derive the effective nuclear Hamiltonian in the framework of linear 
a- model under the unitary transformation. To make our story simple and clear, we 
restrict ourselves to the effective interactions with up to the one-boson-exchange. 
Explicit forms of the nuclear force and the operators of pion production-absorption 
will be derived. In §3, we shall transform the basic axial-vector current into the 
effective nuclear axial-vector current by adopting the same unitary transformation 
as employed in the previous section, and show that the effective nuclear axial-vector 
current includes meson currents in addition to the one-nucleon and the two-nucleon 
currents. In §4 and §5, it will turn out that the effective nuclear axial-vector current 
thus derived satisfies the PCAC relation, and that the pion production by the two- 
nucleon operators in the present theory is consistent with the PCAC relation. The 
results will be summarized in §6. 

§2. Effective Nuclear Interaction 

2.1. Basic Model of the Strong Interaction 

We start from the Lagrangian of the linear <r-model, 



L 
with 

C(x) = $(x)[i 1 ^ -M N ]^{x) 



j dxC(x) (2-1) 



+ l -Wa{x)f - mla{xf] + \[{d^{x)) 2 ~ 



—gip(x)[a(x) + 275T • n(x)]ijj(x) 

_ m 2 -ml a{x)[a{x) 2 + ^2] _ - g -pL [ a {xf + ^(xf]\ (2-2) 

^Jtt "Jit 

where the Goldberger-Treiman relation reads as gf n = Mn and gA = 1- Following 
the standard procedure we obtain the Hamiltonian H: 
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H = Hq + Hi, 



(2-3) 



where Hq is the free Hamiltonian of mesons and nucleons. The basic interaction 
Hamiltonian Hi, which is relevant to the effective nuclear interaction Hamiltonian in 
the one-boson-exchange approximation, consists of irNN, aNN and airir interactions 
as follows: 



Hj = H^NN + H a NN + Hvk-k 

H-xNN = ig dxip(x)j 5 T ■ Tt(x)ip(x), 



HaNN = 9 I dx^(x)a(x)ip(x) 



H„ 



ml 



mi 



2f* 



dxa(x)ir(xy 



The relevant axial-vector current is expressed as 



(2-4) 
(2-5) 

(2-6) 
(2-7) 



A a (x) = ^(x)^ 5 —i;{x) - a(x)V7r a (x) + ir a {x) Va(x) - f^Vit a {x), (2-8) 
A 0a (x) = $(x) lQl5 ^(x) + o-(x)n%(x) - ir a (x)n a (x) + Un^x), (2-9) 

where 77" and H a are conjugate momenta of tt field and a field, respectively, and 
the superscript a stands for the isospin index. 

2.2. The Nuclear Force and Interaction of Pion Production- absorption 

We derive the effective nuclear 
Hamiltonian by using the the unitary 
transformation described in RefP 
We define the nuclear Hamiltonian as 
follows: 



\ 

n,a\ 



H eff = U ] HU. (2-10) 



I 

A 



i 



h.c. 



(a) 



A 

(b) 



h.c. 



l eff 

Here, the unitary transformation U = 
exp(i5) exp(iS') is chosen so as to 
eliminate the interactions, which cor- 
respond to the 'virtual' processes, 
from the Hamiltonian, while the inter- 
actions which correspond to the 'real' 
processes are kept in the transformed 
Hamiltonian. The interactions for 'virtual processes' of Hj in our present model are 
shown in Fig. 1(a), while those for the 'real processes '(77^^), in Fig. 1(b). Then, 
the Hamiltonian transformed by exp(i5) newly involves the interactions which cor- 
respond to higher order "virtual" processes. A typical term is shown in Fig. 2, which 
should be eliminated by the second order unitary transformation exp(iS'). 



Fig. 1. Decomposition of the interactions into 
the interactions of "virtual" processes (a) and 
"real" processes (b). The solid and broken 
lines stand for nucleons and mesons, respec- 
tively. 
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These observations fix the unitary transformation as follows: 

+ H% rw + [H ,iS\=0, 



T ,iS] Q + [H ,iS'] = 0, 



(2-11) 
(2-12) 



where the superscripts P and Q stand for the interactions corresponding to 'real' 
and 'virtual' processes, respectively. Then the effective Hamiltonian is given as 



H, 



eff 



U ] HU 

H + + l[Hj + H^iSf + l[[Hj + ~iC 



., iS], iS] p + --{2-13) 




N 



2 L an7T 1 3 

Here we have omitted the higher order terms in 
the effective Hamiltonian, since we restrict ourselves to 
the discussion of the effective nuclear Hamiltonian in 
the one-boson-exchange approximation. The lowest or- 
der effective Hamiltonian Hq describes the free energies 
of mesons and nucleons. It is noticed that we do not 
find the operators for the pion production-absorption 
by a nucloen, since the interaction Hamiltonian (H n NN) 
which produces a virtual pion by a nucleon was already 
eliminated from the Hamiltonian. As a result, elimi- 
nation of the interaction for 'virtual process' generates 
the effective many-body interactions, such as nucleon- 
nucleon potential, pion-nucleon potential, the interac- 
tion for pion production-absorption by two- nucleons, 
and so on. For the purpose of the discussion in the later 
sections, we shall give the explicit form of the effective 
interactions in the momentum space. 

The third term on the righthand side of Ean. ()2-13(l gives the one-boson-exchange 
nuclear potential Vnn expressed as 

1 

2 

' J2 D v lu(p[)rMu( Pi m(p' 2 )r M u(p 2 )}, (2-15) 



h.c. 



N 



Fig. 2. Interaction of "vir- 
tual" process of order 
newly generated by the 
transformation. See the 
caption of Fig.l. 



Vnn 



~[H!,iS] NN 



(2-14) 



2(2tt) 3 



M= 



where the F^i stands for the vertex of a meson (M = ir,a) and a nucleon ,i.e., 
r n t = ig~/5T b for 7r and T a = g for a, respectively. The function Dy is defined as 



D v 



1 



+ 



1 



Al-u 2 M (ki) Al-u> 2 M {k 2 ) 
Here we introduced the energy variables as follows: A; L = E^iPi) — -EW(Pi')> & 
E N (p) = jMl + p 2 and u M (k) = 



(2-16) 



P 



in 



M 



+ k z (M = 7T,<t). It is noticed 

that Pj and p' t are momentum operators operating initial and final nuclear wave 
functions, respectively. 
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The remaining terms in Eq. (|2-13j) give pion production operator W in one- 
boson-exchange model, 

W = ^[[Hj + l -H^iS],iS] p NN (2-17) 

= W,,- + W a + Wna, (2-18) 

which consists of 7r-exchange W^, <7-exchange W a shown in Figs 3(a) and 3(b), and 
ir — a exchange mechanism W n<J shown in Fig. 3(c). The explicit form of the 
production operator of a pion with momentum q and isospin a in the momentum 
space is given as 

w v + w ff = \— — — L=_= Y, Wi)(r^D w r M - r M D w ,r^)u{ Pl )] 

3(2vr)3V(2vr) 3 2^(g) 

x[u(p' 2 )r M u(p 2 )] + (l<-2), (2-19) 

The interaction for diagrams in Fig. 3(a) is expressed by the term with D\y, which 
consists of terms Di + and of the intermediate nucleon states with positive and 
negative energy, respectively, defined by 

D w = D 1+ + Di_ + D 2+ + D 2 _, 

An± ~ A 2 



D x ± = A ± {p % 



D 2± = A ± {p n ) 1 (— 2 l - nr — + — 2 2 - 2ir r). (2-20) 

A n ± + uj n {q) A n± - uJ z M (k 2 ) A\ - u)%j{k 2 ) 

with A + {p) = u(p)u(p) and A~{p) = v(—p)v(—p). The momentum p n (= Pi+k 2 = 
Pi + P2 ~ P2) denotes the the nucleon momentum in the intermediate state. The 
energy variables are defined as A n ± = En{P\) T Ep{(p n ), and A n ± = E^(p' 1 ) =p 

E N (Pn)- 

The interaction for the diagram in Fig. 3(b) is expressed by the term with Dw, 

D' W = D' 1+ + D' 1 _ + D' 2+ + D' 2 _, (2-21) 

where the functions D' i± are obtained from Di± by replacing p n , A n ± and A n <± 
by P' n = P'l - &2, A n ,± = -E N (p[) ± E N (p' n ) and A n ,± = -E N {p x ) ± E N (p' n ), 
respectively. 

Structure of the D\± terms is the same as the one of the corresponding diagrams 
in the meson-exchange currentP'^ For the discussion in later section, let us investi- 
gate the matrix element D at the threshold of pion production {q = 0) in the center 
of mass system (p x = —p 2 and p[ = —p' 2 )- We notice that A n+ = A 2 and D\ + 
vanishes. This is well known as a fact that the recoil and renormalization currents 
cancel each other for the vanishing momentum q in the meson-exchange current. On 
the other hand the D 2+ term remains finite, and can be expressed in terms of the 
commutator of the "conventional" single- nucleon pion production operator and the 
nuclear potential. The pion production operator (W^ + lf ff ) + with the intermediate 
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p; 



y 

q \ 



7t,0 



Pi P 2 

(a) 



p; 



V 

+ q\ 



7t.O 



Pi P 2 

(b) 



p; p 2 

q | 71 
a 7i 



Pi P 2 
(c) 



+ (1-2) + h-c. 



Fig. 3. Pion Production by two nucleons. Figs. (a) and (b) show the nucleon-pole diagrams, while 
fig.(c) shows the sigma-pion exchange diagram. 



nucleon state of positive energy at threshold is simply expressed as 

(W n + W a )+ = — [H wNN , V nn }. (2-22) 

Note that the Di_ and Z?2- terms as well as the W WCT term remain to be finite. 
Details of the latter term are separately discussed in Appendix. 

As a result, our effective nuclear Hamiltonian in one-boson-exchange approxi- 
mation is expressed as follows: 



H eff = H + + V wN + V NN + W. 



(2-23) 



It is noticed that we have still the pion degree of freedom as expressed by the terms 
V^-jv, W, H^ n7T in our effective Hamiltonian. The nuclear state vector is determined 
by solving the coupled channel equations of the above effective Hamiltonian in the 
NN and 7riViV Fock space. 



§3. Effective Nuclear Axial- Vector Current 



We shall derive the nuclear axial- vector current, by transforming the axial- vector 
current (|2-8|) and (|2-9|) under the same unitary transformation U as used in deriv- 
ing the effective nuclear Hamiltonian. This is important to make the theory self- 
consistent. 



A% f (x) = U ] A» a {x)U, (3-1) 

= + [A^, iS] + -[[A^ a + -[A^, iS],iS},iS] 
2 3 

+[A IM + [A^, iS] , iS']. (3-2) 

The effective nuclear current consists of meson current (A 1 ^), the nucleon current 
(-Ajy ) and meson exchange current (A^ N ). Existence of the meson current with 
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the same form as the original one is essentially important to describe axial-vector 
current in the ttNN Fock space. The nucleon current including pion pole term in 
the momentum space is given as 

A% a = u(p')a% a (p',p)u(p), (3-3) 

with 

W"^- ^ T (3 ' 4) 

Here four vector p{p') is defined as p^ = (Ejy(p),p). 

The meson exchange current consists of pion-exchange current {A^ N ), sigma- 
exchange current (A^ Na ) and pi-sigma-exchange current (A^ Nna ). The explicit 
form of the exchange current is given by 

^ + ^ = 2?^)3 E Hp[)K a N r M - r M a% a N MPi)] 

M=Tr b ,a 

x[u(p' 2 )r M u( Pl )} + (l~2), (3-5) 



with 



and 



°aw = °jv (Pi,Pn+)D 1+ + a^ a (pi,p n _)Z)i_ + a^(pi,p n _)Z> 3 _, (3-6) 

a NN> = D l+a l N(Pn'+,Pl) + ^'l-Ojv (Pn'-,Pl) + £>3- a 7V (?>n'-,Pl), (3-7) 



«»» = [7"7 5 - ^J^'. - ?)'•»] y, (3-8) 

Here four-vectors are defined as 7/^ = (En(p' 1 ),p' 1 ), p^± = (±EN{p n ),p n ) and 
Pn>± = (i-^JvCPnJiPn)- ^ ^ s noticed that the energy variable E^{p) is a function of 
the momentum operator p. The D\± term, which appeared in the pion production 
operator, is exactly the same as a sum of the recoil, renormalization and pair currents. 

Although we have no terms with D 2 ±, which is related to nuclear potential, in the 
meson-exchange current, we have a new pair-current D3- expressed as a commutator 
of the nucleon-current and the operator S' of the unitary transformation associated 
with the interaction shown in Fig. 2. The term D' 3 _ is obtained from by replacing 
the momenta in the same way as was done for obtaining D' i± in the previous section. 

We also have the meson-exchange current with 1x0 exchange mechanism, which 
is summarized in Appendix, and is discussed with the corresponding operator of the 
pion production. 

Consequently, the total effective nuclear axial-vector current consists of the one- 
nucleon current (the impulse current ) A^ , meson current A^ and the meson- 
exchange current A^ N : 

A% f {x) = A^(x) + A%{x) + A% N {x). (3-10) 
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§4. Nuclear Axial- Vector Current and PCAC Relation 



The basic Hamiltonian and axial-vector current of the cr-model satisfies the 
PCAC relation. 

V- A a + i[H,A 0a ] = -f n mlir a . (4-1) 
In the present treatment, the PCAC relation is transformed as 

V • A a eff + i[ H eff , A% ] = -UmlKff (4-2) 

The effective pion field is given by the unitary transformation of the pion field 

as 



n a eff = u^ a u, 

and can be given in one-boson-exchange approximation as 

n eff = K a + n% + n% N . 



(4-3) 



(4-4) 



It is easily shown that the effective axial- vector current, the effective nuclear Hamil- 
tonian, and the effective pion field satisfy the PCAC relation: The relation can be 
divided into three parts, 1) meson current, 2) one-nucleon current and 3) exchange 
current: 

1) The meson current 
The meson current (A a M ,A^) satisfies 

V • A a M + i[H , A%] = -Umlir*. (4-5) 

It is noticed this is a consequence of existence of the meson degrees of freedom in 
our nuclear Hamiltonian. Without these freedoms, one cannot satisfy the PCAC 
relation. 

2) The one-nucleon current 

The one-body current satisfies the relation very familiar to us: 



V- A% + i[H ,A%] = -Umln a N , 



with 



rja 



(p' — p) 2 — ra\ 



u(p')r n a U (p) 



(4-6) 
(4-7) 



3) The meson-exchange current 

The PCAC relation for the meson-exchange current is non-trivial. It is expressed as 
follows: 



V • A a NN + i 



+ i 



V NN ,A$ +i\W n ,AZ 

-Umln a NN . 



(4-8) 
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Here it is noticed that the above equation includes the meson-exchange current, the 
one-nucleon current and also meson-current. Thus, in order to complete the PCAC 
relation, we need the meson current and the pion production-absorption operator in 
addition to the nuclear potential and meson-exchange current. This fact has been 
overlooked in the previous works so far done. 

§5. Relation of Pion Production and the PCAC 

We shall investigate the relation of pion production reaction and the PCAC 
relation. In order to avoid unnecessary complications, we shall assume the nuclear 
system with two nucleons and pions. The relation of the one-body axial-vector 
current in Eqs. (4.6) and (4.7) suggests that one can obtain pion production operator 
by using the PCAC relation. However the PCAC relation connects divergence of 
the axial-vector current with the the effective pion field operator, but not the pion 
production operator to be used in the dynamical equations describing the nuclear 
system with nucleons and pions. By using the reduction formula, we have a relation 
between the matrix element of the divergence of the axial-vector current and the 
pion production T-matrix element as 

uf{NN\A%\NN) = £* m * 2 y/(2ir)^(k)T NN ^ NN (5-1) 
p q z — m~ 

with the pion momentum q^, which should hold for any formalism to describe nuclear 
system. It is noticed that the AW — > ttNN T-matrix is calculated by solving the 
coupled channel equations for the nuclear system. At first sight, one may point out 
that this equality contradicts with our present theory, because the left-hand side of 
the equation includes the matrix elements of the one-nucleon operator, while the 
right-hand side of the equation does not. Absence of the one-nucleon operator for 
the pion production, however, does not lead to any contradiction, since the pion in 
the final state is always produced from a nucleon interacting with other nucleons. 
In other words, this observation shows that we evaluate the matrix element of the 
two-nucleon operator such as a product of the one-boson-exchange potential and the 
one-nucleon pion production operator, which corresponds to our pion production 
operator {W a + W w ) . 

To show that this is really the case, we shall investigate the matrix element 
of the pion production operator (W a + W n ) + at threshold. (Since other terms in 
(W^ + W,,-) are essentially irrelevant to the two-nucleon potential, we shall safely skip 
them from the discussion in what follows.) Now we calculate the T-matrix element 
by using the solution of the coupled channel equation in the lowest order: 

T NN ^ wNN ~ < NNf(DW)\(W 7T + W ff )+\NNi(DW) > . (5-2) 

Here the | N N^j f(DW) > are the nuclear state vectors with energy E^u obtained 
by solving Schrodinger equation. Using Eq. (|2-22j) and noticing [Hq, H^nn] = at 
threshold^ — Ef = m w ), we can rewrite Eq. (|5-2j) as 

T NN ^ NN = < NNf(DW)\ — [H* NN ,H + V NN ]\NNi(DW) > (5-3) 
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= < NN f (DW)\H wNN \NNi{DW) > . (5-4) 

This is just the matrix element of the pion source function of the one-nucleon 
type. Therefore, our pion-production operator is consistent with the PCAC relation. 

The present result also implies that the PCAC relation requires us to construct 
the nuclear force, pion production operator and exchange currents in a consistent 
way, and also to describe the nuclear system including the pion degree of freedom 
based on the nuclear force thus derived. 

§6. Summary 

We have studied the nuclear PCAC relation in the recent theory of the effective 
nuclear interactions which include meson degrees of freedom explicitly. First of all, 
in order to make the discussion clear, we assumed the linear cr-model, and derived 
the nuclear force, the effective interaction for the pion production-absorption and 
the nuclear axial-vector current by applying the unitary transformation. All the 
operators we have derived are Hermitian and are functions of the local momenta of 
the relevant particles. Secondly, we have studied in detail the nuclear PCAC relation 
, in particular, relationship among the pion-production mechanism, the axial-vector 
current and the nuclear force. As results, 1) it was shown that one has to take 
into account the explicit pion and sigma meson degrees of freedom in addition to 
the nucleons in order to satisfy the PCAC relations. In particular, a consistent 
description of the nculear force, and also pion production operator played an essential 
role to hold the PCAC relation. 2) The PCAC relation gives us just the effective 
pion field, but not the interactions for the pion production-absorption processes. 3) 
The fact that the one-body pion production operator does not exist in our formalism 
means simply that a free nucleon cannot emit or absorb a pion. As a consequence, the 
effective interaction operator for pion production-absorption includes the term which 
corresponds to production of a pion by a nucleon interacting with other nucleons, in 
addition to the conventional irreducible two-nucleon operators. This looks similar 
to the traditional approach which incorporate the one-nucleon operator plus nuclear 
correlations, as far as we concern ourselves with the pion production at threshold. 

It is noticed that the above observations about the nuclear PCAC relation holds 
independent of any strong interaction models which lead the PCAC relation. Equa- 
tions (4.8) and (5.1) showed that the PCAC relation for the two-nucleon axial- vector 
current is not a simple relation assumed by Blin-Stoyle and Tint for the Gamow- 
Teller operator. 

To make the nuclear axial-vector current and pion production-absorption oper- 
ators more realistic, we should incorporate short-range mechanism into the present 
work starting, for example from the model based on chiral symmetry P 
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Appendix A 

an exchange current and pion production operator 

Here we give full expressions for the a — ir exchange current and pion production 
operator. The pion production operator is given as 

2 2 

mt — mi 



W ™ = T7^^=W^^(P'i) r ^(Pi)]^(P2) r -^(P2)]^ + (1 - 2), 
/ 7r (27r) 3 v / ( 27r ) 32 ^7r(Q) 



(A-l) 



where 



A 1 + A 2 -u 7r (q) / (A 1 -u; a )(A 2 -u;. 
v na = UmW h tt, { 



(Z\j +CJ CT )(Z\ 2 + 1^) _ (Z\l -UJ a ){A 2 +UJn) 

aj a + u w - ^(q) L0 a - + u) n {q) 



(A-2) 



with 



Dm - PF^F^I) (A ' 3) 

Here we denote w ff = ^(fci) and uj^ = w 7r (fc2)- The second term in the square 
bracket proportional to A± + A 2 — LO n (q) vanishes in the Born approximation because 
of the energy conservation, and it contributes to the off -energy shell matrix element. 
The axial-vector exchange current is given as 

A NNna = (^^["(PiJ^CPl)]!"^)^""^)] + (1 - 2). (A4) 

The non pion-pole term of the exchange current is simply given as 

D M = i(pi - A ~ P2 +p' 2 YDm, (A-5) 

while the pion-pole term is given as 

Dm = -i(pi +P 2 ~ p[ - P 2 ) 

^ rnl-rnl A x A 2 +uj a uj^ | A X A 2 - ayo^ 

60)^ {u a + uj n ) 2 - u n (q) 2u«(q){u a - u n + uj n (q)) 
D o = . ml-ml (u (7 + uj 7 r)(A 1 u} n + A2U< T ) A 2 uj a - A^ 

6uJaUTr (u<t + Utt) 2 -UTr(q) 2 2(o; CT - + uj n (q)) 

(A-7) 
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